Abstract. We introduce and study the notion of ⋆-stability with respect to a semistar operation ⋆ defined on a domain R; in particular we consider the case where ⋆ is the w-operation. This notion allows us to generalize and improve several properties of stable domains and totally divisorial domains.
Introduction
Star operations, as the v-closure (or divisorial closure), the t-closure and the w-closure are an essential tool in modern multiplicative ideal theory for characterizing and investigating several classes of integral domains. For example, in the last few decades a large amount of literature has appeared on Mori domains, that is domains satisfying the ascending chain condition on divisorial ideals, and Prüfer v-multiplication domains, for short PvMDs, that is domains in which each finitely generated ideal is t-invertible (or winvertible). The consideration that some important operations on ideals, like the integral closure, satisfy almost all the properties of star operations led A. Okabe and R. Matsuda to introduce in 1994 the more general and flexible notion of semistar operation [27] . The class of semistar operations includes the classical star operations and often provides a more appropriate context for approaching several questions of multiplicative ideal theory, see for example [11, 15, 16, 17, 18, 33] . In this paper, we introduce the notion of ⋆-stability with respect to a semistar operation ⋆.
Motivated by earlier work of H. Bass [4] an J. Lipman [26] on the number of generators of an ideal, in 1974 J. Sally and W. Vasconcelos defined a Noetherian ring R to be stable if each nonzero ideal of R is projective over its endomorphism ring End R (I) [36] . In a note of 1987, D.D. Anderson, J. Huckaba and I. Papick considered the notion of stability for arbitrary integral domains [2] . When I is a nonzero ideal of a domain R, then End R (I) = (I : I); thus a domain R is stable if each nonzero ideal I of R is invertible in the overring (I : I). Since 1998, stable domains have been thoroughly investigated by B. Olberding in a series of papers [28, 29, 30, 31, 32] .
Given a semistar operation ⋆ on a domain R, we say that a nonzero ideal I of R is ⋆-stable if I ⋆ is⋆-invertible in (I ⋆ : I ⋆ ) and that R is ⋆-stable if each nonzero ideal of R is ⋆-stable. (Here we denote by⋆ the semistar operation induced by ⋆ on a fixed overring T of R.) This notion allows us to generalize and improve several properties of stable domains and totally divisorial domains. We also recover some results proven in [13, Section 2] for ⋆ = w.
Even though many results are stated for a general semistar operation, for technical reasons, the most interesting consequences are obtained for (semi)star operations spectral and of finite type. In this case, we show that ⋆-stability implies that ⋆ is the w-operation on R; in particular, on stable domains the w-operation is the identity.
For a (semi)star operation spectral and of finite type, the main result of Section 1 is that a domain R is ⋆-stable if and only if R is ⋆-locally stable and has ⋆-finite character, if and only if R is ⋆-locally stable and each ⋆-ideal of R is⋆-finite in its endomorphism ring. This implies that if a domain is locally stable, then stability is equivalent to the property that each nonzero ideal I is finitely generated in the overring (I : I).
In Section 2 we study ⋆-stability of overrings and we show that, for semistar operations of finite type, the ⋆-integral closure of a ⋆-stable domain is a PvMD.
In Section 3 we extend some properties of totally divisorial domains in the setting of semistar operations. For ⋆ = w, we prove that each t-linked overring T of R isẇ-divisorial if and only if all the endomorphism rings of w-ideals areẇ-divisorial, if and only if R is w-stable and w-divisorial. Under these conditions,ẇ is the w-operation on T . As a consequence, we get that R is totally divisorial if and only if all the overrings of type (I : I) are divisorial, if and only if each nonzero ideal I of R is m-canonical in (I : I). The Mori case and the integrally closed case are of particular interest.
Finally, in Section 4 we show that w-stable w-divisorial domains are vcoherent and use this fact to show that w-stable w-divisorial (respectively, totally divisorial) domains share several properties with generalized Krull (respectively, Dedekind) domains. As a matter of fact, in the integrally closed case each one of these properties becomes equivalent to R being a generalized Krull (respectively, Dedekind) domain; so that a w-stable wdivisorial (respectively, totally divisorial) domain can be viewed as a "nonintegrally closed generalized Krull (respectively, Dedekind) domain".
for each E ∈ F (R), is a semistar operation of finite type and ⋆ f ≤ ⋆.
A nonzero ideal I of R is ⋆-finite if there exists a finitely generated J such that
When R ⋆ = R, ⋆ is called a (semi)star operation on R and its restriction to the set of nonzero fractional ideals F (R) is a star operation, still denoted by ⋆.
As usual, we denote by v the (semi)star operation defined by E v := (R : (R : E)), for each E ∈ F (R), and set t := v f . As a star operation on R, v is called the divisorial closure. It is well known that ⋆ ≤ v and ⋆ f ≤ t, for each (semi)star operation ⋆ [15, Proposition 1.6].
We say that a nonzero ideal I of R is a quasi-⋆-ideal if I ⋆ ∩ R = I. A quasi-⋆-prime (ideal) is a prime quasi-⋆-ideal and a quasi-⋆-maximal ideal is a quasi-⋆-ideal maximal in the set of all proper quasi-⋆-ideals. A quasi-⋆-maximal ideal is a prime ideal [15, Lemma 4.20] and, when ⋆ is a semistar operation of finite type, each quasi-⋆-ideal is contained in a quasi-⋆-maximal ideal [15, Lemma 4.20] . The set of quasi-⋆ f -maximal ideals of R will be denoted by ⋆ f -Max(R). We say that R has ⋆ f -finite character if each nonzero ideal of R is contained at most in a finite number of quasi-⋆ f -maximal ideals of R.
When ⋆ is a (semi)star operation, an ideal I is a quasi-⋆-ideal if and only if I ⋆ = I. In this case, like in the classical case of star operations, we say that I is a ⋆-ideal and, analogously, we call a quasi-⋆-prime ideal a ⋆-prime and a quasi-⋆-maximal ideal a ⋆-maximal ideal. A v-ideal of R is also called a divisorial ideal.
If ⋆ is a semistar operation on R, we denote by⋆ the semistar operation defined by
for each E ∈ F (R). We have I⋆R M = IR M , for each nonzero ideal I of R and each quasi-
The semistar operation⋆ is of finite type and spectral (a semistar operation ⋆ is spectral if there exists Λ ⊆ Spec(R) such that E ⋆ = {ER P | P ∈ Λ}, for each E ∈ F (R)). More precisely, ⋆ =⋆ if and only if ⋆ is spectral and of finite type, if and only if ⋆ is of finite type and ( Always we have⋆ ≤ ⋆ f ≤ ⋆. In addition, setting w :=ṽ, if ⋆ is a (semi)star operation, we have⋆ ≤ w.
A nonzero ideal I of R is ⋆-invertible if (I(R : I)) ⋆ = R ⋆ . When ⋆ = ⋆ f , this is equivalent to the fact that I(R : I) is not contained in any quasi-⋆ fmaximal ideal. Since quasi-⋆ f -maximal ideals and quasi-⋆-maximal ideals coincide [18, Corollary 3.5(2)], it follows that an ideal I is ⋆ f -invertible if and only if it is⋆-invertible. When
If ⋆ is a semistar operation on R and T is an overring of R, the restriction of ⋆ to the set of T -submodules of K is a semistar operation on T , here denoted by⋆. When T ⋆ = T ,⋆ is a (semi)star operation on T [17, Proposition 2.8]. Note that⋆ shares many properties with ⋆ (see for instance [34 
⋆-stable domains
Let R be an integral domain and ⋆ a semistar operation on R. Given a nonzero fractional ideal I of R, consider the overring T := (I ⋆ : I ⋆ ) of R. It is easy to see that, T = T ⋆ ; hence the restriction of ⋆ to the set of the T -submodules of K is a (semi)star operation on T , denoted by⋆.
We say that a nonzero fractional ideal I of R is ⋆- (
Proof. If I is a nonzero ideal of R, then I ⋆ is an ideal of R ⋆ . Hence, if R ⋆ iṡ ⋆-stable, R is ⋆-stable, without any condition on ⋆.
Conversely, let R be ⋆-stable and let J be a nonzero ideal of R ⋆ . Assume that condition (1) holds and consider the ideal I := J ∩ R of R. Then
Since we will be mostly interested in the case where ⋆ is a semistar operation spectral and of finite type, that is where ⋆ =⋆, by the previous proposition often we will restrict ourselves to assume that R = R ⋆ , that is to consider (semi)star operations.
Our first result is a generalization of [32, Theorem 3.5(1)⇔(2)]:
The following conditions are equivalent for an integral domain R and a semistar operation ⋆ on R:
(ii)⇒(i) Let T := (I ⋆ : I ⋆ ) and let J := (T : I ⋆ ). We have to show that
First, we show that (J : J) = T . We have (J : J) = ((T :
Next step is to show that (T :
If I is a nonzero ideal of R, we denote by v(I) the semistar operation defined on R by E → (I : (I : E)), for each E ∈ F (R). When (I : I) = R, Proof.
(1) This is an easy consequence of the fact that I is an ideal of (I : I); thus (I : (I :
The following conditions are equivalent for an integral domain R and a (semi)star operation ⋆ on R:
is a fractional ideal of R, since I ⋆ is an ideal of R. So, there exists a nonzero integral ideal J of R and a nonzero element x ∈ R such that
Proof. Let M be a ⋆-maximal ideal of R and suppose that M is not divisorial. (2) In general it is not true that if ⋆ is a (semi)star operation of finite type and R is ⋆-stable then ⋆ = t. However, we will show in Corollary 2.4 that this happens when R is ⋆-integrally closed.
For an example, in [36, Example 5.4] it is proved that the 1-dimensional local domain A with maximal ideal 3-generated constructed in [14] is stable. It is clear that A is Noetherian. Hence d = t on A, because the maximal ideal is not 2-generated [30, Lemma 3.5].
Lemma 1.8. Let R be an integral domain and ⋆ a semistar operation on R. Let J be a nonzero ideal of R and assume that
The next result shows in particular that the study of ⋆-stable domains can be reduced to the local case. Theorem 1.9. Let R be an integral domain and ⋆ a (semi)star operation on R. If ⋆ =⋆, the following conditions are equivalent:
Under these conditions, ⋆ = w.
we denote by⋆ the restriction of ⋆ to the set of the fractional ideals of T ). In particular, J ⋆ is⋆-finite in T . Hence, by Lemma 1.8(2), we have (I :
It follows that I is invertible in (I : I) and so R M is a stable domain.
To prove that R has ⋆-finite character, we prove that a family of ⋆-maximal ideals that has nonempty intersection is a finite family.
Let
It follows that J is ⋆-invertible in R and so ⋆-finite (and so, t-finite). Then, there exists I α 1 , I α 2 , . . . , I αn such that J ⋆ = ((R :
Now let T := (J ⋆ : J ⋆ ). We prove that there exists a finitely generated ideal H ⊆ J of R such that (HT ) ⋆ = J ⋆ . Let N 1 , N 2 , . . . N s be the ⋆-maximal ideals containing J. Since R N i is stable, there exists x i ∈ J, such that N 1 , N 2 , . . . , N s , we have JR N = F T R N for each ⋆-maximal ideal N of R and so J ⋆ = (F T ) ⋆ . Otherwise, let N s+1 , N s+2 , . . . , N t be the ⋆-maximal ideals of R containing F and not containing J. If x ∈ J (N s+1 ∪ N s+2 ∪ . . . ∪ N t ) and H := F + xR, as before we get that JR N = HT R N for each ⋆-maximal ideal N of R and so J ⋆ = (HT ) ⋆ .
(iii)⇒(i) We have to prove that I :
where the intersection varies over the set of all ⋆-maximal ideals of R.
The fact that ⋆ = w is a straightforward consequence of Corollary 1.6.
We state explicitly the previous theorem for ⋆ = w. A direct proof of (i)⇔(ii) is given in [13 We recall that a domain R with the property that M ∈Λ 1 R M = N ∈Λ 2 R N , for any two distinct subsets Λ 1 and Λ 2 of Max(R) is called a #-domain. If R has the same property for Λ 1 , Λ 2 ⊆ t -Max(R), we say that R is a t#-domain [22] . Corollary 1.12. Let R be a w-stable integral domain. Then:
(1) t -Spec(R) is treed.
(2) R satisfies the ascending chain condition on t-prime ideals. 
Proof. Since R ⊆ T implies R ⋆ ⊆ T ⋆ , by Proposition 1.1 we can assume that R ⋆ = R and T ⋆ = T , that is, that ⋆ is a (semi)star operation on R anḋ ⋆ is a (semi)star operation on T .
First we show that T is⋆-locally stable.
Since each localization of R at a ⋆-maximal ideal is stable (Theorem 1.9) and overrings of stable domains are stable [32, Theorem 5.1], then T M is stable.
In order to apply Theorem 1.9, we have to prove that T has⋆-finite character. Let N be a ⋆-maximal ideal of R and let {M α } be a family oḟ ⋆-maximal ideals of T , such that α M α = (0) and M α ∩ R ⊆ N . We want to show that {M α } is a finite set. Let S := α T Mα ⊇ T . Since R N ⊆ T Mα for each α, we have that R N ⊆ S. Hence S is stable as an overring of the stable domain R N . Let P α := M α T Mα ∩ S, for each α. The P α 's are pairwise incomparable, because S Pα = T Mα . Since α M α is nonempty, also α P α is nonempty. Let x ∈ α P α . If the P α 's are infinitely many, then x is contained in infinitely many maximal ideals of S, because Spec(S) is treed [32, Theorem 4.11(ii)]. This contradicts the finite character of S. It follows that the P α 's, and so the M α 's, are finitely many. It is easy to see that this implies the⋆-finite character for T . Corollary 2.2. Let R be a w-stable domain and let T be a t-linked overring of R. Thenẇ = w ′ is the w-operation on T and T is w ′ -stable.
Proof. T isẇ-stable by Theorem 2.1. Sinceẇ is a (semi)star operation on T (because T is t-linked over R) andẇ =w, it follows from Corollary 1.6 thatẇ =w = w ′ .
If ⋆ is a semistar operation on R, the ⋆-integral closure of R is the integrally closed overring of R defined by
of a domain R is also called the pseudo-integral closure of R [3] . We say that R is ⋆-integrally closed if R [⋆] = R. In this case, it is easy to see that ⋆ is necessarily a (semi)star operation on R [11, p. 50]. Denoting by R ′ the integral closure of R, we have R ⊆ R ′ ⊆ R [⋆] . In addition, if ⋆ is a (semi)star operation and R := {(I v : I v )| I ∈ F (R)} is the complete integral closure of R, we have
It (1) Each nonzero finitely generated ideal of
Proof.
(1) Let I be a nonzero finitely generated ideal of R [⋆] . We have to prove that (I(
There exist x ∈ K and a finitely generated ideal J of R, such that I = xJR [⋆] . Since R is ⋆-stable, J ⋆ is invertible in (J ⋆ : As a matter of fact, it is proved in [13] that a w-stable integrally closed domain is precisely a strongly discrete PvMD with t-finite character. Recall that a valuation domain V is called strongly discrete if P V P is a principal ideal for each prime ideal P of V . We say that a PvMD (respectively, a Prüfer domain) R is strongly discrete if R P is a strongly discrete valuation domain, for each P ∈ t -Spec(R) (respectively, for each P ∈ Spec(R)). If R is a strongly discrete PvMD (respectively, a Prüfer domain) and each proper t-ideal (respectively, each nonzero proper ideal) of R has only finitely many minimal primes, then R is called a generalized Krull domain [10] (respectively a generalized Dedekind domain).
The following characterization of w-stable integrally closed domain is given in [13, Theorem 2.6] . For stable domains, an analogous result is due to B. Olberding [28, 30] .
Theorem 2.9. The following conditions are equivalent for an integral domain R:
(i) R is integrally closed and w-stable; (ii) R is a w-stable PvMD; (iii) R is a strongly discrete PvMD with t-finite character; (iv) R is a generalized Krull domain with t-finite character; (v) R is a w-stable generalized Krull domain; (vi) R is a PvMD with t-finite character and each t-prime ideal of R is w-stable; (vii) R is w-stable and each t-maximal ideal of R is t-invertible.
⋆-Divisorial ⋆-stable domains
Following [1] , we say that a nonempty family Λ of nonzero prime ideals of R is of finite character if each nonzero element of R belongs to at most finitely many members of Λ and we say that Λ is independent if no two members of Λ contain a common nonzero prime ideal. We note that, for a (semi)star operation ⋆ of finite type, the family ⋆ -Max(R) is independent if and only if no two members of ⋆ -Max(R) contain a common prime t-ideal, because a minimal prime of a principal ideal is a t-ideal. When the family of all maximal (resp. t-maximal) ideals of R is independent of finite character, R is called an h-local domain (resp. a weakly Matlis domain).
A domain such that each ideal is divisorial (that is d = v) is called a divisorial domain and a domain whose overrings are all divisorial is called totally divisorial [5] . We say that a domain R is ⋆-divisorial if ⋆ = v. 
Under these conditions, ⋆ = w on R and⋆ =ẇ = w ′ is the w-operation on each t-linked overring T of R.
If M is a t-maximal ideal of R, R M is stable by Theorem 1.9. Hence, to show that R M is totally divisorial, it is enough to show that R M is divisorial [30, Theorem 3.12] . Let I = JR M be a nonzero ideal of R M , with J an ideal of R. Since t -Max(R) is independent of finite character, we have
(ii)⇒(iii) Let T be an overring of R such that T ⋆ = T . By applying [1,
is a (semi)star operation on (I ⋆ : I ⋆ ), we have v(I ⋆ ) ≤ v ′ , the v-operation of (I ⋆ : I ⋆ ). Moreover, I ⋆ is a⋆-ideal, so by Lemma 1.3(2),⋆ ≤ v(I ⋆ ). Thus, since by hypothesis⋆ = v ′ , we havė To finish, if R is ⋆-stable, we have ⋆ = w by Theorem 1.9 andẇ = w ′ is the w-operation on each t-linked overring T of R by Corollary 2.2.
We state explicitly the theorem for ⋆ = w.
Corollary 3.2. The following conditions are equivalent for an integral domain R:
(i) R is w-stable and w-divisorial.
(ii) R is a weakly Matlis domain and R M is totally divisorial, for each
Under these conditions,ẇ = w ′ is the w-operation on each t-linked overring T of R.
Since each t-linked overring of a w-stable domain is w ′ -stable (Corollary 2.2), we get:
We do not know if in general the condition that each t-linked overring T of R is w ′ -divisorial implies that R is w-stable. However, we now show that this is true in the integrally closed case and in the Mori case.
The following result follows from Corollary 3.2 and the fact that a valuation domain V is totally divisorial if and only if it is strongly discrete [5, Proposition 7.6] Mori domains whose t-linked overrings are all w ′ -divisorial were studied in [12] . A Mori domain is w-divisorial if and only if R M is a divisorial We show that (ii) and (iii) imply (i). In fact, by (ii) R is w-divisorial and so weakly Matlis, and by (iii) R M is totally divisorial for each t-maximal M . So, we can conclude by applying Corollary 3.2(ii)⇒(i). In the same way, we get that (iii) and (iv) imply (v). For ease of reference, we state Corollary 3.7 in the integrally closed case [28, 30] and in the Noetherian case [5] (see also [12 The next theorem shows that the study of w-stable w-divisorial domains can be reduced to the case where the domain R has t-dimension at least equal to two and has no t-invertible t-prime ideals. If Λ is a set of prime ideals of R, we set R F (Λ) := P ∈Λ R P . Theorem 3.11. Assume that R is a w-stable w-divisorial domain. Let Λ 1 be the set of the t-invertible t-maximal ideals of R, Λ 2 be the set of the height-one t-maximal ideals of R that are not t-invertible,
(1) If Λ 1 = ∅, R 1 satisfies the equivalent conditions of Corollary 3.4. (2) If Λ 2 = ∅, R 2 satisfies the equivalent conditions of Corollary 3.6 and has no t ′ -invertible t ′ -prime ideals (where t ′ is the t-operation on R 2 ).
strictly greater than one with no t ′ -invertible t ′ -prime ideals (where t ′ is the t-operation on R 3 ).
Proof. Let Λ be a nonempty set of t-maximal ideals of R and T := R F (Λ) . Since t -Max(R) has t-finite character, then t ′ -Max(T ) = {P R P ∩ T ; P ∈ Λ} [20, Proposition 1.17]. In addition, for M = P R P ∩ T ∈ t ′ -Max(T ), we have T M = R P . Recalling that an ideal of a domain with t-finite character is tinvertible if and only if it is t-locally principal, we get that M is t ′ -invertible in T if and only if P is t-invertible in R.
Since T is t-linked over R, T is w ′ -stable and w ′ -divisorial (Corollary 3.3). Hence (3) and (4) follow easily.
(1) If P ∈ Λ 1 , then P R P is principal. Hence R P is a stable quasi-local domain (Theorem 1.9) with principal maximal ideal; whence it is a valuation domain [32, Lemma 4.5] . It follows that R 1 is an integrally closed w ′ -stable domain and then it satisfies the equivalent conditions of Corollary 3.4.
(2) R 2 has t ′ -dimension one and is w ′ -stable and w ′ -divisorial. Hence R 2 satisfies the equivalent conditions of Corollary 3.6. Since the t-maximal ideals in Λ 2 are not t-invertible, then R 2 has no t ′ -invertible prime ideals. 
v-Coherence
A domain is coherent if the intersection of any two finitely generated ideals is finitely generated. B. Olberding proved that a stable divisorial domain is coherent [30, Lemma 3.2] , even though there are stable domains that are not coherent [31, Section 5] .
We next show that w-stable w-divisorial domains are v-coherent. Recall that R is v-coherent if the intersection of any two v-finite ideals is v-finite; this is equivalent to say that the ideal (R : I) is v-finite for each nonzero finitely generated ideal I of R. The class of v-coherent domains properly includes PvMD's, Mori domains and coherent domains [21] . A divisorial v-coherent domain is coherent.
The following lemma is probably known; for completeness we include the proof. Conversely, let J be a finitely generated nonzero ideal of R. If J v = R, there are just finitely many t-maximal ideals M 1 , . . . , M n containing J and, for each i = 1, . . . , n, there is a finitely generated ideal H i ⊆ (R : J) such divisorial domains) R is a strongly discrete PvMD (respectively, Prüfer domain) (Theorem 2.9), in the integrally closed case each one of these properties becomes equivalent to R being a generalized Krull domain (respectively, generalized Dedekind domain) (see [10, Theorems 3.5, 3.9 and Lemma 3.7] and [22, Corollary 2.15] ).
Recall that an overring T of R is said to be t-flat over R if T M = R M ∩R , for each t-maximal ideal M of T [25] . Flatness implies t-flatness, but the converse is not true [25, Remark 2.12].
Corollary 4.5. Let R be a w-stable w-divisorial domain. Then:
(1) Each t-prime ideal P of R is the radical of a v-finite divisorial ideal.
(2) R satisfies the ascending chain condition on radical t-ideals.
(3) Each proper t-ideal has only finitely many minimal (t-)primes.
(4) For each Λ ⊆ t -Spec(R), the overring R F (Λ) := P ∈Λ R P is a t-flat t#-domain.
(1) Since R is v-coherent (Theorem 4.2), then R P is v-coherent, wstable (Corollary 2.2) and divisorial (Corollary 3.2). Hence P R P is v ′ -finite in R P (Proposition 4.3) and so P R P = (JR P ) v ′ = J v R P , for some finitely generated ideal J of R. Since t -Max(R) is independent of finite character (Corollary 1.10) and t -Spec(R) is treed (Corollary 1.12), the set of minimal primes of J v is finite. Set Min(J v ) = {P = P 1 , . . . , P n }. If n ≥ 2, let x ∈ P \ (P 2 ∪ · · · ∪ P n ) and I = (J + xR) v . Then P = √ I. In addition, t -Spec(R) is treed and R satisfies the ascending chain condition on t-prime ideals by Corollary 1.12. Hence the overring T := R F (Λ) is tflat by [12, Corollary 2.12] . Since T is t-linked over R, T is w ′ -stable and w ′ -divisorial (Corollary 3.3). Thus T is a t#-domain by Corollary 1.12.
Corollary 4.6. Let R be a totally divisorial domain. Then:
(1) Each prime ideal of R is the radical of a finitely generated ideal. 
